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TORELLI GROUP ACTION ON THE CONFIGURATION SPACE OF A SURFACE
EDUARD LOOIJENGA
ABSTRACT. We show that the Torelli group of a closed surface of genus ≥ 3 acts nontriv-
ially on the rational cohomology of its space of 3-element subsets. This implies that if the
surface has the structure of a Riemann surface, the mixed Hodge structure on the space
of its positive reduced divisors of degree 3 does in general not split over Q.
1. INTRODUCTION
Given a manifold X and an integer n > 0, then its n-point configuration space Fn(X)
is by definition the open subset in Xn with all its components distinct. It is clear that this
open subset is preserved by the diffeomorphism group Diff(X) ofX and that the resulting
action on H•(Fn(X)) factors through the mapping class group Mod(X) := pi0(Diff(X)) of
X (1).
When X is a complex projective manifold, there is a spectral sequence [6] which
produces the weight filtration on H•(Fn(X)). It shows that grW• H
•(Fn(X)) only depends
on H•(X), that the action of Mod(X) on H•(Fn(X)) preserves the weight filtration and
that its action on grW• H
•(Fn(X)) is through its representation on H•(X). It has been
claimed ([2], now withdrawn) that for such an X, the weight filtration on H•(Fn(X))
is split. As such a splitting is necessarily unique, this would imply the much stronger
assertion that what is true for grW• H
•(Fn(X)) is in fact true for H•(Fn(X)): H•(Fn(X))
would then only depend on H•(X) and Mod(X) would act on H•(Fn(X)) through its
representation on H•(X). We prove that this is not the case. In fact, we show that when
X is a closed orientable surface of genus ≥ 3, then its Torelli group acts nontrivially on
H3(F3(X))
S3 ∼= H3(F3(X)/S3), where F3(X)/S3 has of course the interpretation as the
space of 3-element subsets of X. As this is a purely topological assertion, we kept the
discussion of our example in that spirit, thereby excising all Hodge theory, but in the last
section we describe some of the implications for the mixed Hodge structure on F3(X)/S3
when X comes with a complex structure, making it a compact Riemann surface.
Our interest in this issue actually originates here, for in the case of Riemann surfaces
we envisage an application to WZW theory: here the degree n-part of the Hodge filtration
on Hn(F n(X r P )) (with P is a possibly empty finite subset of X) is relevant.
Some previous work in this area connected with this paper was concerned with the
case that the surface X has a boundary component ∂X: Moriyama [5] proves among
Supported by the Chinese National Science Foundation.
1Unless otherwise specified, in this note (singular) homology and cohomology is taken with Q-
coefficients.
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other things that the Torelli group then acts on its rational cohomology of Fn(X) ‘as
unipotently as possible’ and Bianchi [1] recently showed that if X has genus ≥ 2, then
for n ≥ 2, the representation of Mod(X, ∂X) on H2(Fn(X)) does not factor through its
symplectic representation on H1(X).
Acknowledgments. I thank Dick Hain, Dan Petersen and Alexey Gorinov for correspon-
dence on this issue. I thank Dick and Benson Farb for drawing my attention to [2] resp.
[5].
Dick has informed me that he also verified that the Torelli group of a surface can act
nontrivially on the cohomology of its configuration space. After posting the first version,
I learned from Oscar Randal-Williams that similar results have been obtained by his
student Andreas Stavrou and will appear in his forthcoming doctoral Cambridge thesis.
Oscar also pointed me to the work of Bianchi.
2. THE CONFIGURATION SPACE OF 3 POINTS ON A SURFACE
In this section, X is a closed connected (differentiable) surface of genus ≥ 2; we
later assume g ≥ 3. We write V of the symplectic vector space H1(X) and let δ ∈
∧2V represent the intersection pairing on V ∨ = H1(X). We have a sp(V )-equivariant
splitting ∧3V = ∧3oV ⊕ δ ∧ V , where ∧3oV if the kernel of the map ∧3V → V defined
by a0 ∧ a1 ∧ a2 7→
∑
i∈Z/3(ai · ai+1)ai+2. The summand ∧3oV is additively spanned by the
a0∧a1∧a2 for which the intersection products ai ·aj are all zero. For g ≥ 3, it is irreducible
as a sp(V )-representation (it represents the third fundamental representation).
The following lemma (the proof of which is left to the reader) shows among other
things that the rational homology of F2(X) in degree 2 is simply expressed in terms of
the rational cohomology of X.
Lemma 2.1. The inclusion F2(X) ⊂ X2 identifies H2(F2(X)) with the classes in H2(X2)
that have zero intersection number with the diagonal. In particular, it induces an isomor-
phism between the spaces of S2-anti-invariants H2(F2(X))sign ∼= H2(X2)sign, where we note
that the latter space is via the Ku¨nneth decomposition identified with the direct sum of
Sym2 V and the span of [X]× 1− 1× [X]. 
Let f12 : X2 → X3 be the map f12(z, z′) = (z, z, z′). If D123 ⊂ X3 stands for the
main diagonal, then f12 maps F2(X) isomorphically onto D12 r D123. Choose a tubular
neighborhood boundary E ⊂ F3(X) over D12rD123 and regard this via f12 as an oriented
circle bundle over F2(X). This gives rise to a Lefschetz tube mapping
T : H2(F2(X))→ H3(F3(X))
which assigns to a 2-cycle on F2(X) its preimage in E, viewed as a 3-cycle on F3(X).
This map is not equivariant with respect to the S2-action, but takes S2-invariants to S2-
anti-invariants and vice versa. We extract from this a S3-equivariant map, by bringing
the S3-translates of D12 (whose union is the ‘fat’ diagonal of X3) into play.:
IndS3S2(H2(F2(X))⊗ sign)
T−→ H3(F3(X))
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By passing to S3-invariants, we then get a map H2(F2(X))sign → H3(F3(X))S3. In view
of Lemma 2.1, we may identify H2(F2(X))sign with H2(X2)sign. This results in a map
H2(X)
sign → H3(F 3(X))S3 , which we still denote by T . It appears in the proposition
below.
Proposition 2.2. We have an exact sequence
0→ H2(X)sign T−→ H3(F 3(X))S3 → ∧3oV → 0,
and the S3-invariant supplement of H3(F 3(X))S3 in H3(F 3(X)) embeds in H3(X3).
We omit the proof, as this follows in a rather straightforward manner from the Leray
spectral sequence for the embedding F3(X) ⊂ X3 and then dualizing (see for instance
[4], [6]) or by what is essentially equivalent to this, a study of the long exact sequence
for homology of the triple (X3, X3rD123, F 3(X)) and the Gysin sequences with S3-action
it gives rise to.
Our example is based on the following corollary.
Corollary 2.3. If a, b ∈ V have zero intersection number, then a × b represents an element
of H2(F2(X)) and if both are nonzero, then T (a× b) 6= 0.
Proof. The first assertion follows from Lemma 2.1. If a and b are both nonzero, then by
Proposition 2.2 the S3-invariant component of T (a× b) is 12T (a× b+ b× a) 6= 0 , so that
T (a× b) 6= 0. 
We now assume that a and b are given by embeddings S1 ↪→ X whose images are
disjoint nonseparating curves.
Lemma 2.4. Let a+, a− : S1 → X be embeddings C∞-close to, but disjoint with a, with a+
to the right and a− to the left of a. Then T (a× b) is represented by a× a+ × b− a× a− × b.
Proof. We think of S1 as the unit circle in C and extend a to an embedding a˜ from
the closed annulus Z ⊂ C defined by 1
2
≤ |z| ≤ 2 in X r b and assume a± given by
a±(z) = a˜(2±1z). Note that T (a × b) has the form TX(a) × b, where now TX is the
Lefschetz tube map for the diagonal embedding X ↪→ X2. So it suffices to prove that
TX(a) is represented by a×a+−a×a−. As this is an issue that can be dealt with on Z, we
may replace X by Z. Consider the map F : S1×(Zr{1})→ F2(Z), F (z, z′) := (z, zz′). If
Sr(z) ⊂ C stands for the circle of radius r centered at z ∈ C, then TZ(a) is represented by
F |S1×S1/4(1). It is clear that in Zr{1}, S1/4(1) is homologous to S2(0)−S1/2(0). The map
F takes S1×S2±1(0) to itself and hence TZ(a) is represented by S1×(S2(0)−S1/2(0)). 
The example. Let d, d′ be a so-called bounding pair on X: both are (a priori nonori-
ented) nonseparating mutually disjoint curves whose union splits the surface into two
pieces. The Dehn twists τd and τd′ defined by d and d′, induce the same action on H1(X)
and so the action of τdτ−1d′ on H1(X) is trivial: it is an element of the Torelli group. Note
that τdτ−1d′ is represented by a diffeomorphism with support in a tubular neighborhood U
of d ∪ d′. We now assume that g ≥ 3 and that d ∪ d′ bounds a genus 1 surface X ′ ⊂ X.
We show that τdτ−1d′ acts nontrivially on H3(F3(X
3)).
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FIGURE 1. The surface X with the closed curves.
We give both d and d′ the induced orientation (so that d + d′ is null homologous in
X). The assumption that g ≥ 3 allows us find oriented nonseparating curves a, b, c on X
that are pairwise disjoint, with a contained in X ′ rU , b contained in X r (X ′ ∪U) and c
meeting d and d′ transversally in a single point with intersection numbers 1 resp. −1 (see
Figure 1). Then a × c × b defines a 3-cycle in F3(X). We note that τdτ−1d′ takes the cycle
c to a cycle which in U is homologous to c + d + d′. Hence τdτ−1d′ (a × c × b) is in F3(X)
homologous to a× c× b + a× (d+d′)× b. It remains to see that a× (d+d′)× b is nonzero
in F3(X). For this we note that X ′ contains a subsurface with boundary d+d′±(a+−a−).
It follows that a× (d+ d′)× b is in F3(X) homologous to ±a× (a+ − a−)× b and hence,
by Lemma 2.4, to ±T (a× b). According to Corollary 2.3 this is nonzero.
The action of the Johnson group. We return to the exact sequence of Proposition 2.2.
Let us identify Q with the Q-span of [X]× 1− 1× [X], so that H2(X2)sign = Q⊕ Sym2 V .
The mapping class group Mod(X) acts on this sequence with its action is on the noncen-
tral terms via its symplectic representation Mod(X) → sp(V ). Hence the Torelli group
Tor(X), which is by definition the kernel of the homomorphism Mod(X) → sp(V ), will
act unipotently on the middle term. Such an action is given by a group homomorphism
Tor(X)→ Hom(∧3oV,Q⊕ Sym2 V ) ∼= Hom(∧3oV,Q)⊕ Hom(∧3oV, Sym2 V ).
This action will of course be via the abelianization of Tor(X) tensored with Q. Dennis
Johnson [3] has identified that group in a natural, sp(H1(X;Z))-equivariant manner,
with the vector space ∧3oV ; we will therefore refer to ∧3oV as the Johnson group of X. So
this gives maps of sp(H1(X;Z))representations
∧3oV ⊗ ∧3oV → Q, ∧3oV ⊗ ∧3oV → Sym2 V.
Since sp(H1(X;Z)) is generated by its infinite cyclic subgroups of additive type, any
tensor that is sp(H1(X;Z))-invariant is automatically sp(V )-invariant. So these must be
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maps of sp(V ) representations. Up to scalar there is in each case only one such map: in
the first case the invariant symplectic form on ∧3oV defined by
(a0 ∧ a1 ∧ a2)⊗ (b0 ∧ b1 ∧ b2) 7→
∑
τ∈S3
sign(τ)(a0 · bτ(0))(a1 · bτ(1))(a2 · bτ(2))
and in the second case, the one induced by
Φ : (a0 ∧ a1 ∧ a2)⊗ (b0 ∧ b1 ∧ b2) 7→
∑
i,j∈Z/3 q(ai ∧ ai+1, bj ∧ bj+1)ai+2bj+2,
where we used the natural (invariant) symmetric bilinear form on ∧2V defined by
q(a ∧ a′, b ∧ b′) = (a · b)(a′ · b′)− (a · b′)(a′ · b).
Our example shows that one of these maps is nonzero. In order to determine which one,
we recall how to make the Johnson identification explicit. If (d, d′) is a bounding pair
on X, denote by X ′ and X ′′ the two compact subsurfaces whose union is X and whose
intersection is the given bounding pair. Then H1(X ′) → H1(X) = V is an embedding
whose image is degenerate with respect to the intersection pairing, and if we give d the
orientation induced by X ′, then its kernel is spanned by d. The intersection pairing on
H1(X
′) defines an nonzero element δX′ ∈ ∧2H1(X ′)/Qd. Wedging this with d gives a
well-defined element j(X ′) := d ∧ δX′ ∈ ∧3V . One checks that j(X ′) − j(X ′′) = d ∧ δ,
so that the projection of j(X ′) in ∧3oV only depends on (d, d′). The resulting element
j(d, d′) ∈ ∧3oV then represents the image of τdτ−1d′ in ∧3oV .
Returning then to our example, let a′ ∈ V be represented by a cycle on X ′ for which
a · a′ = 1. Then j(X ′) = d ∧ a ∧ a′. This element is not in ∧3oV , but since a, b, c span an
isotropic subspace, a ∧ c ∧ b is. Hence
Φ(j(d, d′), a ∧ c ∧ b) = Φ(d ∧ a ∧ a′, a ∧ c ∧ b) = q(a′ ∧ d, a ∧ c)ab = (a′ · a)(d · c)ab = ab.
Up to sign this is indeed the variation of a ∧ c ∧ b under τdτ−1d′ . So if we denote by
Ho3(F3(X))
S3 the quotient of H3(F3(X))S3 obtained by dividing out by the copy of Q in
H2(X
2)sign, then the action of the Johnson group on it is nontrivial.
3. THE HOLOMORPHIC SETTING AND ITS MIXED HODGE THEORY
The map T being nonzero in Corollary 2.3 has the dual interpretation of a residue be-
ing nonzero. To make this more appealing to algebraic geometers, assume X endowed
with a complex structure inducing the given orientation and denote the resulting com-
pact Riemann surface C. We denote diagonal of C2 by D2 and the fat diagonal of C3 by
D3. We define the sheaf ΩC3(logD3) of logarithmic 3-forms of the pair (C3, D3) as the
subsheaf of ΩC3(∆) spanned by the S3-translates of ΩC3(D12 + D23). Then fij defines a
residue map Ω3C3(logD3)→ fij∗Ω2C2(D2). These fit in an exact sequence
0→ Ω3C3 → Ω3C3(logD3)→ ⊕i<jfij∗Ω2C2(D2)→ 0.
A 2-form on C2 with only a simple pole along the diagonal is regular (for the residue
sum relative to a projection on a factor must be zero). Hence the long exact cohomology
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sequence begins with
0→ H0(C3,ΩC3)→ H0(C3,ΩC3(logD3))→ H0(C,Ω2C2)3 → H1(C3,Ω3C3)
The spaceH0(C3,ΩC3(logD3)) has the mixed Hodge theory interpretation as F 3H3(F3(C)).
We explicate the S3-action on this sequence by identifying the term H0(C,Ω2C2)
3 as
the induced representation IndS3S2(H
0(C2,Ω2C2) ⊗ sign). The Ku¨nneth formula identi-
fies H1(C3,Ω3C3) with the direct sum of the three S3-translates of H
0(C2,Ω2C2) × µ,
where µ ∈ H1(C,ΩC) is the orientation class, so that H1(C3,Ω3C3) yields another copy of
IndS3S2 H
0(C,Ω2C). The last map is then given by
(α1, α2, α3) 7→ (α1 + σ∗α2, α2 + σ∗α3, α3 + σ∗α1),
where σ is the transposition map. Its kernel consists of the (α, α, α) with α + σ∗α = 0
(which is equivalent to α ∈ Sym2H0(C,ΩC)). So in order that a regular 2-form α on C2
appears as the residue of a logarithmic 3-form ω on F3(C), it is necessary and sufficient
that σ∗α = −α, and then ω will have the same residue on the other diagonal divisors in
the sense that the three residues make up an element of H0(C,Ω2C)
3 that is alternating
with respect to the S3-action. To be concrete: given a local coordinate z at some p ∈ C,
then ω has at (p, p, p) the form( 1
z1 − z2 +
1
z2 − z3 +
1
z2 − z3
)
f(z1, z2, z3)dz1 ∧ dz2 ∧ dz3
with f symmetric in its arguments when restricted to the fat diagonal. We can then take
ω to be S3-invariant. Since the space of symmetric regular 3-forms on C3 is ∧3H0(C,ΩC),
we have an exact sequence
0→ ∧3H0(C,ΩC)→ H0(C3,Ω3C3(log ∆))S3 → Sym2H0(C,ΩC)→ 0
and the S3-invariant supplement of H0(C3,Ω3C3(log ∆))
S3 is contained in H0(C3,Ω3C3).
The Betti version of the above sequence is
0→ ∧3oV ∨ → H3o (F 3(C))S3 → Sym2 V ∨(−1)→ 0,
where the middle term is the dual of the space Ho3(F
3(C))S3 in the previous section.
It appears here as a mixed Hodge substructure of H3(F3(C))S3 whose complexifica-
tion contains F3H3(F3(C)). The exact sequence above defines the weight filtration on
H3o (F
3(C))S3: ∧3oV ∨ is pure of weight 3 and the quotient is of weight 4. The second map
is a residue map and dual to T . Our previous discussion shows that for a general choice
of complex structure this is not the direct sum of two pure Hodge structures. We already
determined F 3H3o (F
3(C))S3. One may verify that the other members of the Hodge fil-
tration on F 3H3o (F
3(C))S3 can inductively be given by the action of the Johnson group:
F i−1 is the span of F i and the image of F i under ∧3oV .
Remark 3.1. Note that in this setting F3(C)/S3 can be thought of as the base of the
universal reduced positive divisor of degree 3. In case C is nonhyperelliptic of genus 3
(in other words, a smooth quartic plane curve), then the natural map C3/S3 → Pic3(C)
is a birational morphism whose exceptional fibers are of dimension one (the exceptional
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set in Pic3(C) is the image of z ∈ C 7→ 3(z) ∈ Pic3(C) and given z ∈ C, then the
degree 3 divisors on C defined by the pencil through z make up an exceptional fiber).
The locus of reduced divisors defines a surface Θ2,1 ⊂ Pic3(C) (the image of the map
(z, z′) ∈ C2 7→ 2(z) + (z′) ∈ Pic3(C)), and it then follows that H3o (F 3(C))S3 also appears
in the cohomology of Pic3(C) r Θ2,1. Since Pic3(C) is a torsor for the jacobian of C
and almost every principally polarized abelian 3-fold is such a jacobian, this is in fact a
property of a general principally polarized abelian 3-fold.
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